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Model for Nonreactive Solute Transport in Structured Soils
with Continuous Preferential Flow Paths

R. Wallach* and T. S. Steenhuis

ABSTRACT

A mathematical model for solute movement in a structured soil
with well-defined and continuous preferential paths was developed.
The model divides the soil profile into one mobile and one “stagnant”
pore group. For well-structured soils, the mobile pore group consists
of a few well-connected pores that conduct the nonreactive solute
downward very rapidly. Only a narrow matrix layer of stagnant solute
along the interface between the two pore groups takes part in solute
exchange with the preferential paths. Due to differences in time scales
between convection and chemical transfer, the rate of chemical ex-
change between the preferential path and the active matrix layer for
short and moderate times after chemical application is controlled
mainly by the preferential flow concentration and, to a lesser extent,
by the concentration in the matrix active layer. This is expressed
mathematically by multiplying the concentration in the active matrix
layer in the mass balance equation by a small dimensionless parameter,
€ << 1. A regular small perturbations problem is then obtained
whose solution is expressed as the sum of the zeroth- and first-order
approximations. The simulated breakthrough curve (BTC) is made
up of piecewise linear lines and shows a good fit to the measured
solute concentration in the outflow of undisturbed columns that have
significant preferential flow. Due to the model’s simplicity, the trans-
port parameters are estimated directly by fitting the model output to
the measured BTCs.

IN RECENT YEARS, worldwide concern has focused on
the potential contamination of surface waters and
groundwater by surface-applied chemicals in runoff and
soil water (Bergstrom and Jarvis, 1993). Recent experi-
mental evidence suggests that preferential flow is more
the rule than the exception under field conditions
(Flury, 1996). The failure of traditional models to take
into account the rapid preferentially moving water and
dissolved solutes is forcing scientists to refine their anal-
yses of the movement and fate of contaminants in the
soil, and to consider, in detail, processes with greater
effect because even small concentrations of highly toxic
chemicals must be accurately accounted for (Stagnitti
et al., 1995). The mobility of chemicals and contami-
nants in soils is affected by the continuity as well as the
size of the pores (Steenhuis et al., 1995). Networks of
interconnected, highly conductive pathways that result
from biological and geological activity, such as subsur-
face erosion, faults and fractures, shrink-swell cracks,
animal burrows, wormholes, and decaying roots, are
responsible for transmitting moisture, solutes, and con-
taminants to groundwater at much faster velocities than
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those predicted by current theory (Traub-Eberhard et
al., 1995; Kladivko et al., 1991; Parlange et al., 1988;
Flury, 1996). Water and chemicals that travel in these
pathways often bypass the bulk of the soil matrix.

Early preferential models based on the concept of
Coats and Smith (1964) were called two-region models,
in which a rate-limited chemical exchange takes place
between the whole soil matrix and the preferential flow
path. Recent simulation models that include preferential
flow have gone beyond the two-region models and in-
clude multiple layers or several regions for flow (Ma et
al., 1995; Jarvis et al., 1991a,b; Hutson and Wagenet,
1995; Steenhuis et al., 1990). In these models, the ex-
change of solutes between the preferential flow path
and the soil matrix is a fitted parameter at best. Usually,
the interchange between a single preferential path and
a soil matrix of large lateral extent is expressed by the
first-order rate expression as used in the mobile—
immobile model (van Genuchten and Dalton, 1986). To
improve the prediction of solute concentrations reach-
ing shallow groundwater, the process of chemical ex-
change between the regions needs to be better under-
stood and reformulated. The objective of this study was,
therefore, to find an analytical expression that describes
the tracer breakthrough from field soils with a few con-
tinuous preferential paths in the soil including an im-
proved description of diffusive solute exchange between
the soil matrix and the preferential paths.

THE MATHEMATICAL MODEL

In the following model, the water-filled pores in the soil
profile are divided into two pore groups: preferential paths
and matrix. Although sometimes the water in both pore groups
is considered mobile (Skopp et al., 1981), in the current case,
where highly structured soils with extreme differences be-
tween flow velocities in the preferential paths and matrix are
being considered, the matrix pores are taken as stagnant. A
rate-limited chemical exchange between the flowing and stag-
nant solutes is also considered.

The mobile-immobile (MIM) model is a natural candidate
to simulate solute transport under such conditions (e.g., Coats
and Smith, 1964; Skopp and Warrick, 1974; van Genuchten
and Wierenga, 1976; van Genuchten and Dalton, 1986). The
concentrations in the mobile and immobile liquids used in the
MIM model are averaged across the lateral dimension, and,
as such, they are uniformly distributed in the lateral direction
throughout these domains. For common cases when the matrix
lateral dimension is small (the volume of mobile liquid is
much larger than the volume of stagnant liquid and both are
uniformly distributed throughout the soil volume), the average
concentration in the immobile liquid is not significantly differ-
ent from the concentration at the interface between the mobile
and immobile liquids. Thus, the MIM model provides very
good predictions for measured BTCs and the values of fitted
parameters can be physically justified. However, in many field
soils, a few pores carry all the solutes and the width of the
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stagnant pore group between adjacent preferential paths is

very large relative to that of the mobile pores (Anderson and

Bouma, 1977; White, 1985; Steenhuis et al., 1995). The average
concentration in the matrix will then be very low most of the
time. Using the MIM model for these cases will provide an
underestimated rate of chemcal exchange between the prefer-
ential paths and the matrix.

For soils with a few preferential paths, the flow velocities
within these paths are high, solute breakthrough is rapid, and
the characteristic time for concentration changes due to con-
vective solute transport in the preferential paths is short. The
lateral chemical spread into the matrix during these very short
time periods is limited to a short lateral distance, and only a
narrow layer of stagnant pores actually takes part in the chemi-
cal exchange with the flowing solute. As a result, a narrow
matrix layer along the interface between the preferential paths
and stagnant liquids is considered and denoted in the following
as the active matrix layer. The qualitative description of having
different time scales during solute transport in well-defined
preferential paths (short time scale) while exchanging dis-
solved chemicals with an adjacent matrix layer (long time
scale) is expressed mathematically by multiplying the chemical
flux from the active matrix layer to the preferential paths in
the mass balance equations (see Eq. [1] and [2]) by a small
dimensionless parameter, € << 1.

We assumed advection-dominated transport and neglected
dispersion in the mobile pore group (Levy and Germann,
1988; Barten, 1996), and assumed diffusion-controlled, lateral
chemical flux between two saturated pore groups. This ne-
glection enables us to determine whether the dispersion in the
measured BTCs can be obtained by the rate-limited exchange
between the mobile and stagnant pore groups or if perhaps the
longitudinal dispersion should be included. The mass-balance
equations for the two pore groups, where the volumetric water
content of the preferential paths is 8,, are

aC, ¢,
0, — + g— = —k(c, — & 1
"o qax (a 2) (1]
and
ac¢;
0, — =k(c, — ¢ 2
26t (a C,) []

where ¢, and ¢, are the average dissolved chemical concentra-
tions in the mobile pores and active matrix layer, respectively;
t is time; x is distance; q is the steady, spatially uniform water
flux in the mobile pores; k is a coefficient for the rate-limited
mass transfer that takes place through a stagnant thin film of
water separating the flowing and stagnant solutions; and 8; is
the volumetric water content of the active matrix layer adja-
cent to the preferential paths. Note that 6, + 6, << 8, the
soil porosity. The value of € is not known at this stage and
will be evaluated by comparing the model to measured data.
The boundary and initial conditions for a step input at the
soil surface are

a(0,t) = ¢

a(x,0) =0 [3]
and the initial concentration in the matrix is

cx, 0) = 0 [4]

where ¢, is the concentration of the dissolved chemical in the
inflow solution. Note that during the increasing stage of the
BTC, the concentration in the preferential paths is always
higher than that in the active matrix layer (8;), which builds
up gradually due to the concentration gradient through the
stagnant fluid layer at the interface between the two porosities.

As ¢ approaches zero, Eq. [1] and [2] describe the limiting
case when the matrix becomes an infinite sink. Skopp et al.
(1981) have multiplied the term that describes the solute ex-
change between the mobile and immobile pores (the right-
hand side of Eq. [1] and [2]) by a ratio of two other time
scales. In their case when the ratio approaches zero, the model
becomes a capillary bundle model.

Equations [1] and [2] form a regular small perturbations
problem, the solution of which can be expressed by the series

Cl(x, t) = 2 eiA,' = AO + £.A1 + EZAZ + ... [5]

i=0

Cg(x, t) = E SiB,' = BO + EB] + 8232 + ... [6]
i=0
where A; and B; are the approximations of order i to the
mobile and stagnant concentrations, respectively. Substituting
Eq. [5] and [6] into Eq. {1] to [4] and equating terms that
are multiplied by equal powers of € provides a sequence of
equations for the different orders of approximations.

The Zeroth-Order Approximation

This problem is obtained by equating terms multiplied by
€%, The differential equations for the mobile and matrix fluids
are

Ay | 3Ac_ Kk

Y + V; = "9—1140 [7]
%Bt_o = eﬁon (8]
The boundary and initial conditions for Eq. [7] and [8] are
A0, 1) = ¢
Aox,0) =0 91
By(x,0) = 0 [10]

In Eq. [7] and [8], diffusion back into the mobile pore group
from the matrix active layer is ignored, but is included in
higher order approximations. Equation [7] now contains one
dependent variable and can be solved independently. Equa-
tions [7] and [8] are solved by the method of characteristics
where the rates of change of Ay[x(¢).f] and Byfx(¢),] are mea-
sured by a moving observer, x = x(t). Writing the left-hand
side of Eq. [7] as

d A, , dx 9A,

—Ay [x(t = —+ —— 11
] SO Il i (1]

and comparing Eq. [11] with the partial differential equation
(Eq. [7]), two ordinary differential equations are obtained:

dx
@’ [12]
and
Ay _ _ky, [13]
dr 0,
Integrating Eq. [12] provides a family of characteristic curves
xX=x + vt [14]

along which Eq. [13] exists. The constant x, is determined by
the point at which the characteristic curve emanates along the
x axis. The limiting characteristic passing through the origin
is x = vt and it expresses the position of the concentration
disturbances that have been created at x = 0andt = O as a
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function of time. It separates the x—¢ domain into two zones:
Zone I (below) where the initial condition affects the solution,
and Zone II (above) where the boundary condition affects the
solution. Repeating this procedure for Eq. [8] yields vertical
characteristic lines x = x, along which Eq. [8] becomes

dB, k

— = —Ag (x5, t 15
G = o (D) 115]

where x, is the point at which the characteristic curve originates
along the x axis. Note that Ay(x,t) is already known from the

solution of Eq. [13].

Solution for x = vt (Zone I)

The solution of Eq. [13] along any characteristic curve (Eq.
[14]) in this zone is obtained by evaluating the following inte-
gral:

Ao(x.t)
s kg
05

[16}
Avlxor) <70
which, after substituting the initial condition Eq. [9], yields
Ag (x,t) = 0; x = vt [17]
By substituting Eq. {17] into Eq. [15], the matrix concentration
in Zone I becomes

By (xt) =0 [18]

Solution for x < vt (Zone II)

A characteristic curve for A, in this zone is described by
x = v(t — &), where f, is the point at which the characteristic
curve originates along the ¢ axis. The solution of Eq. [13] along
a characteristic curve in this zone is obtained by evaluating
the integral in Eq. [16] and using the boundary condition Eq.

[9]:

Ap (xt) = ¢o exp(—ﬁ{); x<wvt [19]
91\/
Substituting Eq. [19] into Eq. [15] gives
Bo(x.t)
| aB, = k j ¢ eXp(—'fﬁ) dr [20]
92 le

Byit=x1/v xifv

The zeroth-order approximation for the matrix concentration
is obtained by introducing By(x,v) = 0 into Eq. [20] and integ-

rating:
B (x,t) = key exp(—ﬁ)(t - E) {21]
0, 0,v v

The leading solution for the mobile porosity is of an advancing
sharp front with simultaneous transfer of dissolved chemicals
to the active matrix layer. The chemical transfer rate depends
only on the mobile concentration, and its concentration at
any point x is a function of the travel time from the inlet to
this point.

The First-Order Approximation

The first-order approximation is obtained by equating terms
multiplied by € when Eq. [5] and [6] are substituted into Eq.
(1] to [4):

3A,  9A, k

O 9% - R4 - B 2

o ox 91(‘ J [22]
aB, k
% %4, - B 23
P 92( 1 — By) [23]

The boundary and initial conditions for Eq. [22] are

A (08) =0

A (x0) =0 [24]
and the initial condition for the matrix (Eq. [23]) is

B, (x,0) =0 [25]

Note that in Eq. [22] and [23], the dissolved chemical flux to
the immobile pores includes the concentration in the active
matrix layer as well. The value of By(x,t) is already known
from the zeroth-order approximation (Eq. [21]).

Solution for x = vt (Zone I)

Since both A,(x,0) = By(x,0) = 0 (Eq. [24] and [25], the
solution of Eq. [22] and [23] for this zone is

A (xt) =0 x = vt
B, (x,t) = 0 x=vt [26]

Solution for x < vt (Zone II)

Along the characteristic curves x = v(r — 1), Eq. [22] be-

comes

2

da,  k, _Ka exp(_ﬁ)(, _ z) 27]
dr 91 9192 le v

where the right-hand side of Eq. [27] was obtained by express-
ing By(x,t) along the characteristic curves x = v(t — &). By
moving along these characteristic curves, B, depends on both
%, the time when the “observer” enters the system at x = 0,
and the residence time in the system. The solution of Eq. [27]

k
A (xt) = —= exp(——x)(t - E) [28]
91v 19
and A,(x,t) depends linearly on t for any x.
Along the characteristic curves, x = x;, Eq. [23] becomes

dB, &

—=—A,—B 29
m 92( 1 = Bo) [29]

where both A,(x,t) and By(x,t) are already known and should

be written along the characteristic curves x = x;. After integra-

tion along the characteristic curves, the solution for Eq. [29]

is

Ky ( x)[t2 xt 1(x)2] ( kx)
B (xt)= —|1 —“)|lz——+ -~ - 30
1 (60) 0,6} vil2 v 2w cXP 0 [30]

Higher order approximations can be obtained in the same
way, with the appropriate equations and boundary conditions
having a form similar to Eq. [22] to [25]. They can be generally
written, with j denoting the order of approximation, as

aa—“:f + V% = —952(,4I ~ B.) [31]

= S~ B 32]
with boundary and initial conditions
A (0t)=0

A (x0)=0 [33]

B (x0)=0 [34]

Considering the first two orders of approximation, the break-
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through concentration from a soil profile of length L will be
given from Eq. [17], [19], [26], and [28] as

o (Lt) =
0 forr= Liv
( kL) kicy L ( kL)( L)
cexpl—— |+t €——exp|——— I\ — |
6v 0,0, v 0 v
fort > Llv
Co forc; = ¢

35]

The first-order term is no longer small compared with the
zeroth-order term when &f becomes O(1). Such terms that
appear in asymptotic expansions are called secular terms and
are a consequence of the straightforward asymptotic expan-
sion. Equation [35] is valid when the outflow concentration
reaches c/c, =1 at relatively short times after the displacement
initiates. This is likely to be the case for well-defined preferen-
tial paths.

The concentration distribution with time at the outlet of a
column of length L, given by Eq. [35], is shown in Fig. 1. This
BTC is made up of piecewise linear lines. It consists of a very
sharp concentration increase starting at time t, (Point A),
when the concentration increases rapidly from 0 to a higher
value at Point B; after this, the concentration increases moder-
ately until the initial concentration is reached. Similar BTCs
have often been obtained for initially drained, undisturbed
soil materials with well-defined preferential paths (Anderson
and Bouma, 1977; White et al., 1986; Kluitenberg and Hor-
ton, 1990).

MODEL VERIFICATION

The model prediction (Eq. [35]) was compared with
data from Anderson and Bouma (1977), who conducted
experiments with four 55-cm-long undisturbed columns
of a silty clay loam of subgranular blocky structure with
well-developed, vertically oriented pores. The columns
were saturated with deionized water and left to drain,
after which an unlimited dose of a 300 mg Cl~ kg™
solution was ponded on the surface. The resulting BTCs
taken from Fig. 3 in Anderson and Bouma (1977) are
reproduced in Fig. 2 here. They show that when the
larger pores are filled with air and the applied liquid
can instantly move down through these larger voids,
“the movement along the larger pores in the columns
was so fast that water inside the peds was apparently
not displaced.” Thus, the assumption of saturated flow
in the preferential paths and stagnant solute in the ma-

A
Fig. 1. A schematic description of the solution (Eg. [35]).

time

trix reflects the actual partitioning of moving and stag-
nant solutes. The sharp and almost vertical increase
in effluent concentration after the initial breakthrough
indicates that the vertically oriented preferential paths
in the studied columns are of similar size.

The model parameters were estimated by fitting the
simulated BTCs to the observed BTCs. The velocity, v,
for each column was calculated as v = L/tA, where both
the column length, L, and the breakthrough time, 14, are
known. In the Anderson and Bouma (1977) experiment,
the data are given in terms of pore volumes and the
time for first tracer appearance is taken from their Table
3. The volumetric water content of the mobile pores,
9,, was calculated by dividing the water flux g = Q/A
(A here is the column cross-sectional area) by the flow
velocity, v. The values of Q, v, and 6, for the different
columns are presented in Table 1. At Point B (Fig. 1),
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Fig. 2. Measured (Anderson and Bouma, 1977) and predicted break-
through curves at the outlet of four columns.
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Table 1. Measured and evaluated parameters for the experimen-
tal study of Anderson and Bouma (1977): Q is solute discharge,
pv is pore volumes, k is a mass transfer coefficient, and ¢ is a
dimensionless parameter.

v=Llt cle 0,=gqlv k cklo, ¢

— a —

0.082 0.203 0.04
0.082 0.095 0.02
0.255 0.458 0.009
022  0.500 0.023

Column [4} pv

cm*d! emd!
700 0.047 550 0.60 0.016
700  0.039 550 060 0.016
2150 0.014 5500 0.60 0.005
1650 0.04 1150 056 0.018

oW N -

where t = tA = L/v, we find that

¢ (Lits) = ¢ exp(—k é) [36]
61 Vv

All parameter values except k are known in Eq. [36].
The value of c//cy is obtained as shown in Fig. 2 by
finding the concentration at the breakpoint of the two
linear lines, and the resulting k values are given in Table
1. The estimated k values are only slightly dependent
on the velocity, v. The estimated values of k are of the
same order of magnitude as the values calculated by
Skopp et al. (1981) by applying the model of Duguid
and Lee (1977) to the same experimental data. Finally,
¢ is estimated from the slope of the line at D (Fig. 1).
From Eq. [35], the slope of the BTC for t > L/v is

2
E,[M] _ kL exp(_ﬁ é); for t > Liv [37)
d Co 9162 v e1 v

All the parameters in Eq. [37] are known except € and
k/6,. The term €k/6, is calculated by equating the slope
of the measured BTC with Eq. [36]. The calculated
values are shown in Table 1. Dye pictures from Parlange
et al. (1988) and Steenhuis and Parlange (1990) indi-
cated that in well-defined, continuous preferential paths
6, = 6,, namely, the volume (or width) of the active
matrix that participates in the dissolved chemical ex-
change is almost equal to the mobile volume for the
time period when c/c, reaches 1. The assumption that
k/8, = k/0,, which follows from the previous one, enables
an estimation of the value of € and, as was postulated
a priori, it is much smaller than 1 (Table 1).

The predicted BTCs for the different columns are
shown in Fig. 2. A good fit to the measured BTCs is
obtained. Steenhuis et al. (1990), who used a different
approach where the dispersion in the BTC is obtained
by a velocity distribution in different pore-size groups,
also obtained a reasonable fit for these curves. Other
approaches, such as Anderson and Bouma (1977),
Skopp et al. (1981), and Kluitenberg and Horton (1990),
in which a high dispersion coefficient was introduced
into the dispersive—convective equation, could predict
the early breakthrough time but failed to fit these mea-
sured BTCs at later times.

DISCUSSION AND CONCLUSIONS

The agreement between the predicted and measured
BTCs supports the postulates that rate-limited chemical
exchange between well-defined continuous preferential
paths and the surrounding matrix is dominated by the
flowing fluid concentration and, to a lesser extent, by

Table 2. The estimated parameters obtained by fitting the mo-
bile—immobile (MIM) model to the experiments of Anderson
and Bouma (1977); D is the dispersion coefficient, 0, is the
volumetric water content for the mobile region, « is the mass
transfer coefficient between the mobile and immobile regions.

Column D 0. o R?
o’ d™! d!

1 3 464+ 0.004 0.0097 0.94

2 2665.3 0.025 0.007 0.95

3 32 031+ 0.004+ 0.012% 0.89

4 5 426 0.004 0.01 0.96

T Value is not significantly different from zero.

the matrix concentration. This is a consequence of the
different characteristic time scales for the chemical ex-
change between the two pore groups and the downward
transport through the mobile pore group. Multiplying
the matrix concentration in the mass balance equations
(Eq. [1] and [2]) by the small parameter € expresses the
relationship between the very fast convection in the few
preferential paths and a slower rate of exchange with
the active matrix layer. This formulation enables the
application of the small perturbations method that sim-
plifies the mass balance equations and provides an ana-
lytical solution. The model parameters are directly esti-
mated by fitting the solution to measured data.

This model was compared with the MIM model for
the measured data of Anderson and Bouma (1977). The
CXTFIT program (Parker and van Genuchten, 1984)
was used to estimate the MIM model parameters by
fitting the model to the measured BTCs. The estimated
MIM model parameters for the four columns are listed
in Table 2 and the fitted and measured BTCs for Column
1 are shown in Fig. 3. The relationships between the
fitted and measured BTCs for the other three columns
(not shown) are similar to Fig. 3. As seen in Table 2
and Fig. 3, very high estimated dispersion values are
needed for the early part of the BTCs. However, these
high values result in a long duration for total displace-
ment; the fitted BTCs for the four columns level at
clco = 0.9 and reach 1.0 at =4 pore volumes. From Tables
1 and 2, both the mobile porosities and mass transfer
coefficients estimated by the current model are four to
25 times larger than those estimated by the MIM for
the four columns. The relatively low values of mass
transfer coefficient in the MIM model indicate that the
immobile water is almost isolated from the flowing solu-
tion, and the dispersion in calculated BTCs is mainly

10 i L.

e measured data (col. 1)
fitted by CXTFIT -

0.0 T T
0.0 5 1.0 1.5

pore volume

Fig. 3. Measured (Anderson and Bouma, 1977) and fitted (by the
mobile—immobile model) breakthrough curves for Column 1.
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due to the dispersion coefficient. It turns out that for
these conditions, the MIM model becomes the convec-
tive—dispersive model. Thus, prediction of BTCs from
a soil with few continuous preferential paths by the
MIM model, in which the average matrix concentration
in the large lateral extension between the sporadic pref-
erential paths is low throughout the fast displacement,
is obtained mainly by an increase in the dispersion coef-
ficient to values that cannot be physically justified.
Comparison between the estimated parameters and
the predicted BTCs obtained by the MIM and our model
indicates that BTCs for these soil types are due to differ-
ent physical mechanisms. The early solute breakthrough
of chemicals at the column outlet and dispersion in the
BTCs are obtained in our model in spite of the neglect
of axial molecular dispersion in the mobile porosity and
assuming intense radial mixing. As such, the chemical
exchange between the preferential path and the active
matrix layer has a leading effect on the BTCs from well-
defined preferential paths surrounded by a matrix with
a large lateral extension. These BTCs are shaped by the
reducing net chemical flux from the moving solute into
the matrix due to the moderate concentration buildup
in the active matrix layer. These results justify the use
of the kinematic wave equation to model the transport
of the sharp front concentration in the mobile pore
group or to evaluate a leading approximation for BTCs.
An addition of a hydrodynamic dispersion term to the
mass-balance equation (Eq. [1]) will mainly smooth the
segmented BTCs. This is beyond the scope of this study.
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